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Exercise 1

We recall that the collision term of the (general) Boltzmann equation for hard sphere
interactions is:

Q pf, fq pvq “

ż

R3

ż

S2

`

f
`

v1
˘

f
`

v1˚
˘

´ f pvq f pv˚q
˘

|pv ´ v˚q ¨ ω| dω dv˚. (1)

We consider now an homogeneous solution f of the Boltzmann equation (which does not
depend on the position variable x) and radial in velocity (which depends only on the norm
|v| of the velocity variable v).

• Under those hypotheses, show that the collision term (1) of the Boltzmann equation
writes:

Q pf, fq pvq “

“ 4π2
ż `8

0

ż π

0

ż π

0

ˆ

f

ˆ

b

r2 sin2 θ ` r21 cos2 θ1

˙

f

ˆ

b

r21 sin2 θ1 ` r2 cos2 θ

˙

´

´ f prq f pr1q

˙

|r1 cos θ1 ´ r cos θ| sin θ sin θ1r
2
1dθ dθ1 dr1, (2)

where r denotes |v|.

Hint: Denote as r1 the norm of the velocity v˚, θ the angle between the velocity v
and ω, and θ1 the angle between the velocity v˚ and ω.

• Considering the transformation ϕ : pr, r1, θ, θ1q ÞÑ pr1, r11, θ
1, θ11q defined through the

system:
$

’

’

&

’

’
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r1 cos θ1 “ r1 cos θ1,
r1 sin θ1 “ r sin θ,
r11 cos θ11 “ r cos θ,
r11 sin θ11 “ r1 sin θ1,

(3)

show that the collision term (2) can be abbreviated as:

C

ż `8

0

ż π

0

ż π

0

´

fpt, r1qfpt, r11q ´ fpt, rqfpt, r1q
¯

V pr, r1, θ, θ1qr
2
1dθdθ1dr1, (4)

with V pr, r1, θ, θ1q “
ˇ

ˇr1 cos θ1 ´ r cos θ
ˇ

ˇ sin θ sin θ1.

Exercise 2

We consider now the gain term of the collision operator, that is the part:
ż

R3

ż

S2
f 1f 1˚Bpv ´ v˚, ωqdωdv˚

1



in the right-hand side of the Boltzmann equation. In the case of hard sphere interactions
with a solution which is homogeneous and radial in velocity, we saw that this term can
be written as:

Jpfq “

ż `8

0

ż π

0

ż π

0
f
´

t,
b

r2 sin2 θ ` r21 cos2 θ1

¯

f
´

t,
b

r21 sin2 θ1 ` r2 cos2 θ
¯

ˆ
ˇ

ˇr1 cos θ1 ´ r cos θ
ˇ

ˇ sin θ sin θ1r
2
1dθdθ1dr1. (5)

• Considering x “ cos θ and y “ cos θ1, show that (5) is equal to

2

ż `8

0

ż 1

0

ż 1

0
f
´

t,
b

r2 ´ r2x2 ` r21y
2
¯

f
´

t,
b

r21 ´ r
2
1y

2 ` r2x2
¯

ˆ
`

|r1y ´ rx| ` |r1y ` rx|
˘

r21dydxdr1. (6)

• Considering u “
a

r2 ´ r2x2 ` r21y
2 and v “

a

r21 ´ r
2
1y

2 ` r2x2, show that (5) is
equal to

4

ż `8

0

ż `8

0
fpt, uqfpt, vqGpr, u, vquvdudv, (7)

where G is defined as:
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Gpr, u, vq “ 0 if u2 ` v2 ď r2,
Gpr, u, vq “ 1 if u ě r, v ě r,
Gpr, u, vq “ v{r if u ě r, v ď r,
Gpr, u, vq “ u{r if u ď r, v ě r,

Gpr, u, vq “
?
u2 ` v2 ´ r2{r if u2 ` v2 ě r2, u ď r, v ď r.

Exercise 3

Finally, we consider the loss term of the collision operator, that is the part:
ż

R3

ż

S2
ff 1Bpv ´ v˚, ωqdωdv˚

in the right-hand side of the Boltzmann equation. In the case of hard sphere interactions
with a solution which is homogeneous and radial in velocity, we saw that this term can
be written as:

ż `8

0

ż π

0

ż π

0
fpt, rqfpt, r1qV pr, r1, θ, θ1qr

2
1dθdθ1dr1 “ fpt, rqLpfqpt, rq,

with

Lpfqpt, rq “

ż `8

0
P pr, r1qfpt, r1qr

2
1dr1,

and

P pr, r1q “

ż π

0

ż π

0

ˇ

ˇr1 cos θ1 ´ r cos θ
ˇ

ˇ sin θ sin θ1dθdθ1. (8)

Show that the quantity P in (8) can be expressed as:

P pr, r1q “
`

2r `
2r21
3r

˘

1r1ďr `
`

2r1 `
2r2

3r1

˘

1r1ąr.
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